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a b s t r a c t
Here we study the solution set of a nonlinear operator equation in a Banach subspace
Ln ⊂ C(X) by reducing it to a Leray–Schauder type fixed point problem. The subspace
Ln is of finite codimension n ∈ Z+ in C(X), with X an infinite compact Hausdorff space,
and is defined by conditions α∗i (f ) :=
∫
X f (x)dµi(x) = 0, f ∈ C(X), with norms ‖µi‖ =
1, i = 1, . . . , n.
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1. Introduction
We consider X to be an infinite compact Hausdorff space and C(X) to be the Banach space of all continuous real-valued
functions on X with respect to the usual norm. Any linear continuous functional on C(X) can be represented [1–3] as
α∗(f ) =
∫
X
f (x)dµα(x), (1.1)
where µα is some Radon measure, i.e. a countably additive bounded regular function on 2X , defined [2] on the class of all
Borel sets e ⊆ X;and the integral in (1.1) is understood in the Radon–Stieltjes sense.
Construct now a linear subspaceLn ⊂ C(X) of the finite defect n ∈ Z+ bymeans of the following set of linear equations:
α∗i (f ) :=
∫
X
f (x)dµi(x) = 0, (1.2)
where dµi, i = 1, . . . , n, are linearly independent (non-atomic) Radon measures, vanishing on the subspace Ln. They
generate the closed subspaceMn ⊂ C∗(X).
Recall now that owing to Hahn’s theorem [2,1,3] for any given measure µ ∈ C∗(X) every Borel set e ⊂ X admits a
decomposition into two nonintersecting sets e+ and e−, such that µ(e˜) ≥ 0, if e˜ ⊆ e+, and µ(e˜) ≤ 0, if e˜ ⊆ e−. This pair of
sets e+ and e− is called the µ-decomposition of a set e ⊂ X . The variation of any measure µ on a set e ⊂ X is defined to be
the number var
e
µ := µ(e+)−µ(e−). Moreover, one can easily show that the norm of the functional (1.1) is determined as
‖α∗‖ = var
X
µα := ‖µα‖.
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Recall also that the support suppµ of a measureµ is defined as the closed set, whose supplement is the sum of all open sets
on which the variations of the measure vanish.
Consider now a linear, closed surjective operator Aˆ : C(X) → B and a nonlinear continuous mapping ξ : C(X) → B,
defined on the sphere Sr(0) ⊂ C(X) of radius r > 0 and centered at zero, whereB is a Banach space. We assume also that
the domain D(ξ) = D(Aˆ) ∩ Sr(0). Then the following nonlinear operator equation:
Aˆf = ξ(f ), f ∈ Ln, (1.3)
is posed and is to be solved in the subspace Ln ⊂ C(X) of finite codimension n ∈ Z+, defined by conditions (1.2) above,
where all norms ‖µi‖ = 1, i = 1, . . . , n.
In order to analyze and ultimately solve this problem, we shall make use of topological Leray–Schauder type fixed point
techniques [4–11], extended recently in [12,13,15].
2. A Leray–Schauder type fixed point approach
Define the extended linear operator Â := Aˆ× αˆ : C(X)→ B × En, acting as follows:
Âf := (Aˆf , αˆ(f )), (2.1)
where we define αˆ := (α∗1 , α∗2 , . . . , α∗n)ᵀ ∈ C∗(X)n. Owing to the condition imposed on the subspaceLn ⊂ C(X), we claim
that the range of the linear operator αˆ is n-dimensional, being in fact all of the Euclidean spaceEn. Thus, the following lemma
holds.
Lemma 2.1. The linear operator Â : C(X)→ B × En is closed and surjective.
Proof. It is enough to prove only that themapping αˆ : C(X)→ En is surjective, as it is closed since it is defined on thewhole
space C(X). To show this let us take f = χQ , the characteristic function of an arbitrarily chosen measurable set Q ⊂ X, and
consider the following scalar product:
〈αˆ(1Q ), s〉En = 0 (2.2)
for a vector s ∈ En. If Eq. (2.2) possesses a nontrivial solution s¯ ∈ En, the surjectivity of the mapping αˆ is contradicted. But
from (2.2) one finds that
n∑
i=1
µi(Q )s¯i = 0, (2.3)
which contradicts the fact that the measures µi, i = 1, . . . , n, are taken to be linearly independent. Thus, the vector s¯ = 0
and the mapping αˆ is surjective. 
Next, we construct the extended nonlinear mapping ξˆ : C(X)→ B × En as follows:
ξˆ (f ) := (ξ(f ), 0), (2.4)
where, as before, f ∈ D(ξ). Then the initial problem (1.3) can be rewritten as
Âf = ξˆ (f ), (2.5)
where f ∈ D(Aˆ) ∩ Sr(0) ⊂ C(X), the operator Â : C(X) → B × En is closed and surjective owing to Lemma 2.1, and the
nonlinear mapping ξˆ : C(X)→ B × En is continuous. Thus, we have reduced our initial problem of studying the solution
set to Eq. (1.3) to that of studying the solution set to (2.5) making use of topological methods of the Leray–Schauder fixed
point type.
3. The solution set analysis
To study the properties of the corresponding solution set NC(X)(Aˆ, ξ) ⊂ C(X) of the nonlinear problem (2.5) following
[12,13], we impose on the operators Â and ξˆ the following conditions:
(i) the mapping ξ : C(X)→ B is Aˆ-compact; that is, it is continuous and for any bounded sets F ⊂ B and S ⊂ D(f ), the
set ξ(S ∩ Aˆ−1(F)) is relatively compact inB;
(ii) there exists a bounded constant kξ > 0 such that
kξ := sup
f∈Sr (0)
1
r
‖ξ(f )‖B <∞; (3.1)
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(iii) this constant satisfies the inequality
kξ < kAˆ, (3.2)
where
k−1
Aˆ
:= ‖A˜‖ = sup
g∈B\{0}
1
‖g‖B inff∈D(Aˆ){‖f ‖C(X) : Aˆf = g} (3.3)
and A˜ := Aˆ|C(X)/KerAˆ is a linear invertible surjective and continuous operator from the factor space C(X)/KerAˆ onto the
Banach spaceB.
We shall need the following two lemmas.
Lemma 3.1. The extended mapping ξˆ : C(X)→ B × En is continuous and Â-compact.
Proof. It follows from the assumed Aˆ-compactness of the mapping ξ : C(X) → B and from the Lyapunov type property
[14,1,3] that for any bounded set F ⊂ B × En there exist bounded sets F ⊂ B and K ⊂ En such that F = F × K . Thus, the
set ξˆ (S ∩ Â−1(F )) is relatively compact inB × En, and the proof is complete. 
Lemma 3.2. If the inequality (3.2) is satisfied, then the induced inequality
kξˆ < kÂ, (3.4)
where we have the definitions
kξˆ := sup
f∈Sr (0)
1
r
‖ξˆ (f )‖B×En , (3.5)
k−1
Â
:= ‖A˜‖ = sup
g∈(B×En)\{0}
1
‖g‖B×En inff∈D(Â){‖f ‖C(X) : Âf = g},
holds.
Proof. It is easy to see that kξˆ = kξ . As regards the value kÂ we can infer, owing to the definition of (3.5), that k−1Â ≤ k−1Aˆ .
Since from (3.2) it follows that k−1
Aˆ
< k−1ξ , we conclude that k−1Â < k
−1
ξ , which is equivalent to (3.4). This proves the
lemma. 
Now, on the basis of Lemmas 3.1 and 3.2 above, and on the Leray–Schauder type theorem, proved in [12,13] and described
in the Appendix, one can readily obtain the final result describing the solution setNC(X)(Aˆ, ξ) of the nonlinear operator Eq.
(1.3), which can be expressed as follows:
Theorem 3.3. Let us assume that the dimension dim KerAˆ ≥ n+ 1. Then the solution set NC(X)(Aˆ, ξ) of the nonlinear operator
problem (2.5) is nonempty, and it is equivalent to that of (1.3), whose topological dimensiondimNC(X)(Aˆ, ξ) ≥ dim KerAˆ−n−1.
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Appendix
Consider an operator equation
Âf = ξˆ (f ), (A.6)
where Â : E1 → E2 is a closed surjective linear map from a Banach space E1 into a Banach space E2, defined on a domain
D(Â) ⊂ E1, and ξˆ : E1 → E2 is, in general, a nonlinear continuous mapping having domain
D(ξˆ ) ⊆ D(Â) ∩ Sr(0),
where Sr(0) ⊂ E1 is the sphere of radius r ∈ R+ centered at zero. We assume that the mapping ξˆ : E1 → E2 is Â -compact.
This means that the induced mapping ξˆgr : Dgr(Â)→ E2, where Dgr(Â) ⊂ E1 ⊕ E2 is the extended graph domain endowed
with the graph-norm, Lipschitz-projected onto the space E1 via j : Dgr(Â) ⊂ E1, satisfies the equality ξˆgr(f¯ ) = f (j(f¯ )) for
any f¯ ∈ Dgr(Â). From this definition, it is easy to see [9] that the mapping ξˆ : E1 → E2 is Â-compact if and only if it is
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continuous and for any bounded sets A2 ⊂ E2 and A1 ⊂ D(ξˆ ) the set ξˆ (A1 ∩ Â−1(A2)) is relatively compact in E2. We note
that the empty set ∅ is trivially considered to be compact.
Assume that a continuous mapping ξˆ : E1 → E2 satisfies the following conditions:
(1) the domain D(ξˆ ) = D(Â) ∩ Sr(0);
(2) the mapping ξˆ : D(ξˆ )→ E2 is Â- compact;
(3) there exists a bounded constant kξˆ > 0 such that
sup
f∈Sr (0)
1
r
∥∥∥ξˆ (f )∥∥∥
2
= kξˆ ,
where a linear operator Â : E1 → E2 (assumed closed and surjective) whose domain D(Â) ⊂ E1, in general, cannot be
dense in E1;
(4) the inequality kξˆ < kÂ holds, where
k−1
Â
:= sup
g∈E2\{0}
1
‖g‖E2
inf
f∈D(Â)
{‖f ‖E1 : Âf = g}.
Then the following generalized Leray–Schauder type fixed point theorem holds under these assumptions.
Theorem A.4. If the dimension dim Ker Â ≥ 1, then Eq. (1.1) possesses a nonempty solution set N (Â, ξˆ ) ⊂ E1 on the sphere
Sr(0) ⊂ E1 with topological dimension dimN (Â, ξˆ ) ≥ dim KerÂ− 1.
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